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Let X(R2) be the space of C planar vector fields. We consider the space
V/X(R2) of vector fields with an isolated singularity and a fixed Newton diagram.
We define the generalised principal part X2 of the vector field X # V and give the
nondegeneracy condition on X2 , using the Newton diagram. We prove that X # V
is locally topologically equivalent to its minimal generalised principal part X2 , if X2
is nondegenerate and X is not a monodromic vector field. In the proof we use the
normal form method and the blowing-up method.  2000 Academic Press
Key Words: vector field; singularity; topological equivalence; Newton diagram;
blowing-up.
1. INTRODUCTION
In previous papers, Berezovskaya [B] and Brunella and Miari [BM]
gave a topological equivalence between planar vector fields and their non-
degenerate principal part. They defined the principal part X2 of a vector
field X # X(R2), through the Newton diagram and proved that a vector
field X is locally topologically equivalent to X2 if the principal part is non-
degenerate. The set V1 of all vector fields with degenerate principal parts
has algebraic codimension one in the set V of all vector fields with a given
Newton diagram.
In [Z8 ] we consider the space W/X(R2) of vector fields with only one
useful side in the given Newton diagram having an isolated singularity. We
extend the previous result for such vector fields; this class contains vector
fields with a degenerate principal part. We proved that such vector fields
are locally topologically equivalent to their generalised principal part.
In this paper we consider the space V/X(R2) of vector fields with an
isolated singularity and a fixed Newton diagram and generalise the
previous results to vector fields with several useful sides. We define the
generalised principal part X2 of the vector field X # V and give the non-
degeneracy condition on X2 . Then, we prove the topological equivalence
between the vector field X # V and its minimal generalised principal part
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X2 , if X2 is nondegenerate. It is important to note that the vector field X
may have a degenerate principal part X2 and a nondegenerate generalised
principal part X2 . In this paper, the theorems of Berezovskaya and
Brunella and Miari are extended to such a class of vector fields.
Let X(R2) denote the space of C vector fields on R2; let X # X(R2), X(0)=0.
Let X=r=0, s=1 ar, s&1x
rys&1(x)+r=1, s=0 br&1, sx
r&1ys(y), ar, s&1 ,
br&1, s {0, be a planar vector field. To a monomial ar, s&1xrys&1(x) as well
as to the monomial br&1, s xr&1ys(y) we associate the point (r, s). Any
point (r, s) # N20 obtained in this way for a given vector field X is called an
exponent appearing in X.
For a given exponent (r, s) # N20 appearing in X we define the
quasi-degree $ in the type of quasi-homogeneity (:, ;) by $=:r+;s.
For any exponent (r, s) # N20 appearing in X we define the set Q(r, s)=
[(x, y) # R20 : xr, ys]. The convex hull 1 of the union of all sets Q(r, s)
is called a Newton polygon of X. The Newton diagram of X is the union #
of the compact sides #i of the Newton polygon 1.
The side of # will be called the useful side if it is not entirely contained
in [x1] _ [ y1]. The sides of #, #i , i # N0 , are numbered (from left to
right) starting from i=0 or i=1 and ending at i=n or i=n+1, in such
a way that #1 (respectively #n) is the first (respectively last) useful side.
The quasi-homogeneous component Xi is the sum of monomials corre-
sponding to the points on #i .
The quasi-homogeneous component Xi is nondegenerate if it has no
singularities in (R"[0])2.
The principal part of a vector field X is the vector field X2 given by the
sum of monomials associated with points on the Newton diagram.
The principal part X2 is nondegenerate if all quasi-homogeneous
components are nondegenerate.
Theorem 1 [B, BM]. Let X # X(R2), X(0)=0, be a vector field with a
nondegenerate principal part X2 such that 0 is an isolated singularity of X2 ;
then X is locally topologically equivalent to X2 modulo the centerfocus.
That is, if X is not a center nor a focus, there exists a homeomorphism trans-
forming the trajectories of X to trajectories of X2 .
2. GENERALISED PRINCIPAL PART
First we explain the Newton filtration induced by the Newton diagram
(see [AVG]), and then we define the generalised principal part of a vector
field.
Let X # X(R2) and X= f1(x)+ f2(y), (:, ;) # N2. The vector field X
is called a quasi-homogeneous vector field of type (:, ;) and degree k if f1 is
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a quasi-homogeneous function of type (:, ;) and degree k+: and f2 is a
quasi-homogeneous function of type (:, ;) and degree k+;.
Note that it is possible to decompose a vector field X # X(R2), X(0)=0,
in a formal series centered in 0 such that X=jk Xj , where Xj are quasi-
homogeneous vector fields of type (:, ;) and degree j ; k is the first integer
such that Xk {0.
Let S=[(:0 , ;0), (:1 , ;1), ..., (:n+1 , ;n+1)], (:i , ;i) # N2, be a set of
types of quasi-homogeneity of the sides #0 , #1 , ..., #n+1 in the Newton
diagram #, and suppose that :i , ;i are mutually prime. We need another
decomposition of a vector field X # X(R2); our idea is to take Xk {0, in
each type of quasi-homogeneity from the set S, and define a vector field Xd .
Analogously we do it for each Xk+ j , j # N, and define a vector field Xd+ j .
We are going to explain this with more detail.
Let
$i =min(r, s) # 1[:i r+;is],
2i =[(r, s) # 1 : :ir+;is=$i], i=0, ..., n+1.
Note that the elements of the set 2i are the exponents belonging to the side
#i ; $i will be called a quasi-degree of the side #i .
Let d=$1 be the quasi-degree of the side #1 ; we choose a set S (0)=
[(: (0)0 , ;
(0)
0 ), (:1 , ;1), (:
(0)
2 , ;
(0)
2 ), ..., (:
(0)
n+1 , ;
(0)
n+1)] so that :
(0)
i ;
(0)
i =: i ; i
and d=$ (0)i =min(r, s) # 1 [:
(0)
i r+;
(0)
i s], i=0, 2, ..., n+1, i.e., $
(0)
i =d with
respect to the set S (0) of types of quasi-homogeneity.
Now, we define the first Newton-homogeneous component Xd as the sum
of monomials whose exponents belong to the sides with quasi-degree d,
with respect to the set S (0). The first Newton-homogeneous component
consists of monomials whose exponents belong to the set n+1i=0 2i , i.e., to
the Newton diagram #. Note that Xd is equal to the principal part X2 .
Analogously, we consider the sets
$(1)i = min
(r, s) # 1"#
[:i r+;is],
2(1)i =[(r, s) # 1"# : : ir+; i s=$
(1)
i ], i=0, ..., n+1,
and the Newton-homogeneous component Xd+1 is a sum of monomials
whose exponents are in the set n+1i=0 2
(1)
i . If we want to have Xd+1 as a
sum of monomials with quasi-degree d+1, then we find a set S (1)=
[(: (1)0 , ;
(1)
0 ), ..., (:
(1)
n+1 , ;
(1)
n+1)] so that :
(1)
i ;
(1)
i =:i ; i and d+1=$
(1)
i ,
i=0, ..., n+1, with respect to the set S (1) of types of quasi-homogeneity.
Analogously, we define Xd+ j , j # N.
The vector field X decomposes as a sum of Newton-homogeneous
components j=0 Xd+ j=Xd+Xd+1+Xd+2+ } } } . Note that Xd+ j is the
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sum of monomials whose corresponding exponents belong to the union of
the j th parallels of the sides of the Newton diagram #. Each Xd+ j has the
Newton diagram #d+ j; if #d+ j contains the sides which are parallel to the
sides of #, we denote these sides by #d+ ji , i # [0, ..., n+1]. The side #
d+ j
i is
parallel to the side #i and the quasi-homogeneous component is denoted
Xd+ ji . Note that such a parallel side #
d+ j
i does not always exist in #
d+ j,
even in the case 2( j)i {<, i # [0, ..., n+1], j # N, because the set 2
( j)
i can
have just one exponent; then in such a case the set n+1i=0 2
( j)
i gives the
vector field Xd+ j whose Newton diagram #d+ j will be without side #d+ ji . In
that case, if 2 ( j)i =[(r, s)], we have at most two monomials with exponent
(r, s) appearing in Xd+ j . We denote by X d+ ji the sum of these monomials.
This notation is notation to that in the case with more than one exponent
in 2 ( j)i .
Definition 1. Let X # V, X(0)=0, be a vector field having a Newton
diagram # and a Newton decomposition j=0 Xj=Xd+Xd+1+Xd+2+ } } }
induced by #.
We define the generalised principal part X2 of X as the sum X2 =
Xd+Xd+1 of the Newton-homogeneous components, if X2=Xd has 0 as
an isolated singularity.
If X2=Xd has nonisolated singularities then X2 =Xd+Xd+1+X nc1 ,
where X nc1 is given by the sum of monomials whose corresponding
exponents are (1, n) or (m, 1) where
n=minj[nj : (1, n j) is the exponent appearing in X ],
m=minj[mj : (mj , 1) is the exponent appearing in X ],
and the exponents do not belong to the Newton diagram.
Remark. Note that if x or y is a factor of Xd+Xd+1 and # has less than
two useful sides, then X nc1 {0 because X has an isolated singularity. Let #u
be the Newton diagram consisting of all useful sides in the diagram # of X.
The monomials of X nc1 belong to exponents on the noncompact sides of the
Newton polygon 1u ; these sides lie on the line x=1 or y=1.
Theorem 2 [Z8 ]. Let W/X(R2) be the space of vector fields with only
one useful side in a given Newton diagram and an isolated singularity. There
exists a codimension-2 set W2 /W such that for all X # W"W2 , X is locally
topologically equivalent to its generalised principal part X2 .
Remark. The space W"W2 contains vector fields with degenerate
principal parts for which Theorem 1 does not apply.
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A set W1 /W is the set of all vector fields with only one useful side, in
the given Newton diagram, and the degenerate principal part. The set W1
is an algebraic codimension-1 set in the space W. In the proof of
Theorem 2 we defined a set W2 /W1 which is a codimension-2 set in the
space W. After a quasi-homogeneous blowing-up of a vector field X # W
we have hyperbolic or semi-hyperbolic singularities, i.e., elementary
singularities, but there exist vector fields with nonelementary singularities
because their coefficients are cancelled after the blowing-up and computing
of the normal form. The set W2 consists of such vector fields.
We extend Theorem 2 for vector fields with several sides in the Newton
diagram. First we give a nondegeneracy condition for the generalised
principal part.
Let X be a vector field with a generalised principal part X2 =Xd+
Xd+1+X nc1 . The generalised principal part is nondegenerate if
(1) X # V"V2 where V2 is a codimension-two set in the set V/X(R2)
of vector fields with an isolated singularity and a fixed Newton diagram;
the set V2 is defined in the proof of Theorem 3 and it is independent of X.
(2) X2 has 0 as an isolated singularity.
These two conditions combined will be called the nondegeneracy condition.
Now we define a vector field X2 which is obtained from X2 by dropping
some monomials:
(i) If Xi is nondegenerate, then we drop X d+1i .
(ii) If X2 has the side #0 (which is not useful), then we drop X d+10
and the monomials whose corresponding exponent is (1, n); analogously, if
X2 has the side #n+1 , we drop X d+1n+1 and the monomials whose corre-
sponding exponent is (m, 1).
The vector field X2 will be called the minimal generalised principal part
of X.
Theorem 3 is the main theorem in this paper; it simplifies vector fields
with a degenerate principal part and a nondegenerate generalised principal
part. Theorem 3 will be proved using Theorem 2.
Theorem 3. Let V/X(R2) be the space of vector fields with a fixed
Newton diagram and an isolated singularity and assume that the singularity
is not monodromic. Let X # V be a vector field with a nondegenerate
generalised principal part X2 ; then X is locally topologically equivalent to the
minimal generalised principal part X2 .
Remark. That a singularity is not monodromic means that it is not a
center nor a focus.
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Note that a vector field X, with a nondegenerate generalised principal
part X2 , is locally topologically equivalent to X2 . The minimal generalised
principal part X2 is a ‘‘smaller’’ vector field which is also locally topologi-
cally equivalent to X.
The nondegeneracy condition is analogous to the assumptions of
Theorem 1. Theorem 1 is applied for vector fields with nondegenerate X2 ,
i.e., X # V"V1 , and X2 has an isolated singularity in 0.
Proof. This theorem will be proved by induction on n, where n is a
number of useful sides in the Newton diagram. The basis of induction n=1
is given by Theorem 2.
The case of vector fields with a degenerate principal part and a quasi-
homogeneous component, with 0 as an isolated singularity of the component,
is solved in [BM].
We will prove the case where all quasi-homogeneous components have
a nonisolated singularity in 0; this means that each quasi-homogeneous
component either is degenerate or has nonisolated singularities along the
coordinate axes.
On the other hand, it is sufficient to prove the theorem for the Newton
diagram such that in at least one end point the abscissa is 0 or 1; the same
applies to the ordinates. Without that condition we would have vector
fields with nonisolated singularities, i.e., x or y would be factors of both
component functions.
We use quasi-homogeneous blowing-up; for a given (:, ;) # N2 the map
(x, y) [ (x:, yx ;) is called a quasi-homogeneous blowing-up in the
x-direction of the type of the quasi-homogeneity (:, ;). This will be written
E:, ; .
If we want to blow-up a vector field X, X(0)=0, we make the change of
coordinates E:, ; , where (:, ;) is the type of quasi-homogeneity of the side
#1 . This blowing-up generalises the homogeneous blowing-up; see for
instance [D].
After a blowing-up E:, ; of a vector field X in the x-direction, we cannot
see all the singularities which are given by decomposition of the singularity
0=(0, 0) of X. The set E &1:, ;(0) is the y-axis, and we need another chart to
see the singularity at infinity. That singularity will be denoted (0, ).
We use the fact that the Newton diagram after blowing-up has fewer
sides (in [P], the theorems about the minimal and maximal number of
blowing-ups for a vector field with n useful sides are given).
Let # be the Newton diagram of a vector field X with n+1 useful sides
#1 , ..., #n+1 . After a quasi-homogeneous blowing-up of the type of the
quasi-homogeneity of the side #1 , we obtain a vector field X (1) with n useful
sides and we consider singularities of X (1). There can be a singularity in 0,
some singularities different from 0, and we can have the singularity (0, ).
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We need to show a topological equivalence between X (1) and (X2 ) (1)
around these singularities.
(1) The singularity in 0 is checked using Theorem 2.
Let us show what happens with the Newton diagram # after a blow-up.
We need to know whether the first parallel to the side with a degenerate
quasi-homogeneous component in the diagram # becomes the first parallel
in the diagram #(1)? In other words, does the Newton-homogeneous
component Xd+1 of X become the Newton-homogeneous component X (1)d+1
of X (1)?
Let (:, ;) be the type of quasi-homogeneity of the side #1 in the diagram
#; we make the quasi-homogeneous blow-up to be of type (:, ;). Let d be
the quasi-degree of the side; we define the map H : N20  N
2
0 with
(m, n) [ (:m+;n&d+1, n)
and call it sliding.
It is easy to check that the sliding H maps the first parallel of # to the
first parallel of #(1). Figure 1 shows the sliding of the Newton diagram after
quasi-homogeneous blowing-up of the type of the side #1 .
We consider the Newton diagram of the vector field X (1), and note that
we have a Newton diagram #(1) with n useful sides. Now we use the
assumption of induction for n useful sides in the diagram. By the induction
hypothesis the vector field X (1) is locally topologically equivalent to the
minimal generalised principal part (X (1))2 if (X (1))2 is nondegenerate, i.e.,
a topological type of X (1) is determined by the monomials contained in the
vector field (X (1))2 .
We need to show that (X (1))2 is nondegenerate if X2 is nondegenerate.
FIGURE 1
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The nondegeneracy condition (1) of X2 means that X, after blowing-up
and computation of the normal form, has no cancelled coefficients deter-
mining the topological type. Such vector fields with cancelled coefficients
are in a ‘‘small’’ set V2=Ki=1 V
(i)
2 , where V
(i)
2 is a set defined after the i th
blowing-up of X and K is the number defined in [P]. In Part 3 of this
proof, about singularities different from 0, it is explained how the sets V (i)2
are defined. We need to show that X (1) has no cancelled coefficients in
further blow-ups, i.e., X # V"Ki=2 V
(i)
2 , but this is obvious because the
nondegeneracy of X2 means X # V"V2 and Ki=2 V (i)2 V2 .
Part 2 of the nondegeneracy condition for (X (1))2 says that (X (1))2 has
0 as an isolated singularity. This statement is valid for X # V"V2 . We avoid
the dicritic case if X # V"V2 ; now we explain what the problem is in the
dicritic case.
The dicritic case is the case where, after blowing-up of X2 with isolated
singularity, we obtain (X2 ) (1) with nonisolated singularities along the coor-
dinate axes. The vector field (X2 ) (1) contains all monomials which are in
(X (1))2 ; in some cases (X2 ) (1) may have some monomials in addition.
Hence if (X2 ) (1) has nonisolated singularities, then (X (1))2 has nonisolated
singularities, too. Note that in the case with an isolated singularity, (X (1))2
and (X2 ) (1) are locally topologically equivalent.
To see the topological type of X in the dicritic case we divide by xd+1
instead of xd the vector field obtained by the change of coordinates E:, ; .
Then, we can see that the topological type of X depends on the monomials
from X2 and Xd+2 . Note that X is a vector field with a degenerate principal
part.
We define the set V di2 V
(i)
2 after the blowing-up of X
(i&1). The set V di2
consists of X # V1 /V with nonisolated singularities after the i th blow-up;
V di2 is obtained by an intersection of the sets consisting of vector fields
with one zero coefficient in :Q(1, y)&;yP(1, y), where P(x, y)(x)+
Q(x, y)(y) is the quasi-homogeneous component of type (:, ;), of the
side # (i&1)1 of #
(i&1).
By the induction hypothesis, we have topological equivalence between
X (1) and (X (1))2 , because (X (1))2 is nondegenerate. From above, we have
topological equivalence between (X (1))2 and (X2 ) (1), around (0, 0).
We have Theorem 2 as the basis of induction, n=1.
(2) The singularity (0, ) can be examined by a blowing-up of a
vector field X in the y-direction, i.e., by the change of coordinates (x, y) [
(xy:, y;) where (:, ;) is the type of quasi-homogeneity of the side #n .
In other words, we can exchange x and y in X and denote that new
vector field by Xex ; then we make a blow-up in the x-direction of the type
of the quasi-homogeneity (;, :), i.e., we make the change of coordinates
(x, y) [ (x ;, x:y). In the vector field (Xex), obtained by blowing-up, we
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exchange the coordinates again and the singularity 0=(0, 0) of the vector
field (Xex)ex is in fact the singularity (0, ) of the vector field X (1).
(3) The singularities different from 0 of the vector field X (1) are
checked using the HartmanGrobman theorem, if the singularities are
hyperbolic, and by the normal form proposition (see [Z8 , Proposition 4])
if the singularities are semi-hyperbolic.
The proposition for vector field X=i, j=0 a ijx
iy j(x)+
i, j=0 bijx
iy j(y), a0j=0, with semi-hyperbolic singularity in 0 and
the linear part y(y), gives the normal form  lj=2 a jx
j(x)+
(*y+ li=1 bi x
iy)(y)+Rl , jl (Rl)(0)=0 of the vector field X ; see [T].
The vector field X is locally topologically equivalent to the vector field
amxm

x
+*y

y
,
where
m=min {k,jn+i,
ak0{0
a ij{0, bn0{0,
and am {0 has the form
ak0 , m=k,
am={ f (ak0 , a ij , bn0), m=k=jn+i,g(aij , bn0), m=jn+i,
for some polynomial functions f, g.
Usually we consider the singularity in 0, then we translate the vector
field X (1), with singularity (0, t), t{0, and obtain the vector field X (1)t with
singularity in 0. After the blowing-up and the translation we put the vector
field in the normal form. Generically, all vector fields given in this way
are elementary (hyperbolic or semi-hyperbolic). This means that, if some
coefficients cancel, such vector fields will be in the set V2 .
We have two subcases: the quasi-homogeneous component X1 of the side
#1 can be nondegenerate or degenerate.
(a) We assume that the component X1 of the side #1 is non-
degenerate. The diagram # contains a side with degenerate component, and
all sides with nondegenerate quasi-homogeneous components have non-
isolated singularities along the coordinate axes. The other possibility
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for this case, which is not treated in [BM], is the case when X has all
quasi-homogeneous components nondegenerate and with nonisolated
singularities, and X2 also has a nonisolated singularity in 0, but X2 has an
isolated singularity in 0.
After the blow-up of the type of the quasi-homogeneity of the side #1 we
have some singularities (0, t), t{0.
If (0, t) is hyperbolic we know, from the HartmanGrobman theorem,
that the linear part of the vector field X (1)t determines the topological type
of the singularity.
If (0, t) is semi-hyperbolic, we put X (1)t in the normal form and the
normal form proposition says which coefficients determine a topological
type.
We would have a problem if (0, t) were neither hyperbolic nor semi-
hyperbolic, i.e., if coefficients are cancelled. In this case, if X1 is non-
degenerate, this is impossible. The assumption that (0, t) is neither hyper-
bolic nor semi-hyperbolic gives that the quasi-homogeneous component X1
has singularities in (R"[0])2, which is not possible because the component
X1 is nondegenerate. Therefore, for this case it is not necessary to define a
part of the set V2 .
(b) We assume that the quasi-homogeneous component X1 of the
side #1 is degenerate. The first part of the proof is the same as in the non-
degenerate case, but in this case it is possible that coefficients cancel and
(0, t) is a nonelementary singularity. We define a part of the set V2 .
We consider the vector field X (1)t ; if X
(1)
t is hyperbolic it is not necessary
to define the set V (1)2 . If X
(1)
t is semi-hyperbolic, we consider this vector
field in the form given after a blow-up
X (1)t =(C1 xy+C2xy
2+ } } } +Cjxy j+D0x p+D1x py
+ } } } +Dlx pyl+ } } } )

x
+(By+E0x p&1+ } } } )

y
. (1)
Note that after a blow-up of the vector field X2 we can see that (X2) (1)
has a line of singular points through (0, t), because the component X1 is
degenerate. Up to codimension 2 we can assume that B{0, i.e., the
singular line through (0, t) is normally hyperbolic; then (X2 ) (1) has a semi-
hyperbolic point at (0, t), by the nondegeneracy condition. We need to
check that X (1) is locally topologically equivalent to (X2 ) (1) around (0, t).
The normal form proposition gives us the coefficients which determine a
topological type of singularity (0, t).
Now, we define the set V 112 (t) consisting of all vector fields whose coef-
ficients satisfy the equation B=0. For all (0, t), t # T, t{0, singularities of
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X (1), we define the set V 112 (t), then V
11
2 =t # T V
11
2 (t), where T is the set
of all singularities of X (1).
We define the set V 122 (t) consisting of all vector fields with coefficients
satisfying D0=0 and V 122 =t # T V
12
2 (t).
The set V 132 =t # T V
13
2 (t) consists of all vector fields with coefficients
satisfying E0=0.
We compute the normal form of the vector field X (1)t and find the coef-
ficient am {0. We define the set V 102 (t) consisting of all vector fields whose
coefficients am=0 and the set V 102 = t # T V
10
2 (t). Finally, the set V
(1)
2 =
V102 _ V
11
2 _ V
12
2 _ V
13
2 _ V
d1
2 is the set of all vector fields with cancelled
coefficients in the first blow-up.
We define the set V2=Ki=1 V
(i)
2 , and it is obvious that the set V2 is of
codimension 1 in the set V1 of vector fields with degenerate principal part.
The set V1 is a codimension-1 set in the set of all vector fields with a fixed
Newton diagram; see [BM]. Therefore the set V2 is a codimension-2 set in
the set V/X(R2) of all vector fields with an isolated singularity and a fixed
Newton diagram.
Remark. We need to explain why this method cannot be improved. The
vector field is desingularised if we have only elementary singularities after
several blow-ups; then we know the topological type of the singularity.
The set V 112 is the most important set, because without that linear part
y(y) the singularity is not semi-hyperbolic. This vector field is not
desingularised. The sets V 102 , V
12
2 , V
13
2 help us to see which coefficients
determine a topological type of that semi-hyperbolic vector field. If B=0
in the formula (1) we know which coefficients determine a topological type
only in some special cases. In those cases we can check that these
coefficients are from X2 .
The first such case is the case when we have the linear part x(y); see
[BM]. The second case is the case of quadratic component functions;
see [Kh].
In other cases for B=0 we have
(X (1)t )2=C1xy

x
+E0x p&1

y
,
and this principal part is degenerate. We consider this vector field using
Theorem 2 for only one side in the Newton diagram.
If we have a vector field X from V2 , but not from V 112 , we can say which
coefficients determine a topological type, but it is more complicated to
describe it, because it depends on the relations between exponents appearing
in X ; see the normal form proposition explained in the proof of Theorem 3.
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FIGURE 2
Example 1. Let
X=(ay2+bx4+cx2y+A1 x6+E1 x3y2+F1x4y2)

x
+(A2x5y+E2x2y3)

y
.
we know that
X2=(ay2+bx4+cx2y)

x
and
X2 =(ay2+bx4+cx2y+A1x6)

x
+A2x5y

y
,
if a{0, b{0, c{0, A1 {0, and A2 {0 (Fig. 2).
We blow up the vector field X of the type of the quasi-homogeneity
(:, ;)=(1, 2) and obtain a vector field X (1)= f 1(x)+ f 2(y). The
vector field X (1) has singularities (0, 0), (0, t1), (0, t2), t1 , t2 {0.
The singularity (0, 0) is hyperbolic. In order to examine other singularities we
translate the field X (1). We do this for t=t1=(&c+- c2&4ab)2a, and
the component functions are
f 1t(x, y)=(2at+c) xy+axy2+A1x3+E1 t2x4+2E1 tx4y
+E1x4y2+F1 t2x5+2F1x5y+F1x5y2,
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f 2t(x, y)=(&6at2&2b&4ct) y&(6at+2c) y2&2ay3
+(A2&2A1) tx2+(A2&2A1) x2y+(E2&2E1) t3x3
+3(E2&2E1) t2x3y+3(E2&2E1) tx3y2+(E2&2E1) x3y3
&2F1 t3x4&6F1 t2x4y&6F1tx4y2&2F1x4y3.
Let &6at2&4ct&2b=0, then X # V 112 . From this condition and the fact
that t is a solution of f 2(0, y)=0 we have 2at+c=0. The principal part
(X (1)t)2 of the vector field f 1t(x)+ f 2t(y) is degenerate, and the
generalised principal part is
(X (1)t )2 =(axy
2+A1 x3)

x
+(&(6at+2c) y2+(A2&2A1) tx2
&(E2&2E1) t3x3&2ay3+(A2&2A1) x2y)

y
(Fig. 3).
Note that in (X (1)t )2 we have the monomial (E2&2E1) t
3x3(y), but
E1x3y2(x) and E2x2y3(y) are not in the generalised principal part
X2 . These monomials are from the Newton-homogeneous component
Xd+2 , i.e., the second parallel to the Newton diagram #. We still do not
know if X (1)t t(X (1)t )2 , because we do not know if (X (1)t )2 is non-
degenerate, i.e., X (1)t # V"V2 . Another question is, do the coefficients E1 , E2
really determine a topological type. The question can be answered only
after the blowing-up of the vector field X (1)t . The minimal generalised
principal part defined in this article is not always really minimal; the same
is valid for the principal part.
FIGURE 3
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Besides the above condition we could have taken
A2&2A1=0,
E2&2E1=0.
In this case the principal part of the vector field X (1)t is nondegenerate and
X (1)t t(X (1)t )2 , where
(X (1)t )2=A1x
3 
x
+(&(6at+2c) y2&2F1t3x4)

y
.
Note that the monomial F1x4y2(x) is not from X2 ; but before blowing-
up of the vector field X (1)t we still do not know if F1 really determines a
topological type of X (1)t . The principal part is sometimes too big; the same
situation is valid for the minimal generalised principal part.
It is interesting to see that for the hyperbolic vector field
X=(x+ yn)

x
+( y+xm)

y
, m, n # N,
the principal part X2=X is obviously too big, because the Hartman
Grobman theorem says that
Xtx

x
+ y

y
.
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